The aim of this article is to describe some fundamental contributions of Jean Mawhin to critical point theory and its applications to boundary value problems.
From the classical to the relativistic pendulum
The forced pendulum equation is an important field of investigations of Jean Mawhin.
We describe only some contributions (by variational methods) to the conservative forced pendulum, and we refer to the exhaustive survey [] for other results.
Consider the classical second-order problem:
where f is π -periodic. The solutions of () are the critical points of the action functional 
it is not difficult to prove that achieves its infimum on H  T and, consequently, that () is solvable. This result, due essentially to Hamel in , was rediscovered by Willem in  and by Dancer in .
Some sixty years after the first one, a second periodic solution was discovered in [] under assumption ().
Since, by assumption (),
a natural space of definition for is
The functional is bounded from below on X and, by a category argument, has at least two geometrically distinct critical points. A generalization to systems is contained in [] . The argument in [] was to use a refinement of the mountain pass theorem, observing that if v is a minimizer of , then, for all  < r < πT,
Another proof, using a generalization of the Poincaré-Birkhoff theorem, was suggested by Franks [] . However, this proof is not complete [] . It seems that the variational proof is the only one until now. To find a proof using a fixed point theorem is an interesting challenge. Moreover, there is no exhaustive description of the set of h such that () is solvable assuming that f is π -periodic and 
The case of the p-Laplacian for the problem Consider now the forced relativistic pendulum and assume that
we define the action
Let us describe the recent results () of Mawhin and Brezis on the relativistic pendulum [] . We sum up the simple and beautiful proof.
Theorem . Under assumptions () and (), problem () has a solution which minimizes on C.
Lemma . The action has a minimizer on C. 
For any  < λ < , we have that
We conclude by letting λ ↑ .
Let us recall the notion of critical point in the sense of Szulkin [] . http://www.boundaryvalueproblems.com/content/2013/1/115 Definition . Let X be a Banach space and let I = J + K , where J ∈ C  (X, R) and
The easy proof of the next lemma is given in [] .
Lemma . Each local minimum of I = J + K is a critical point of I.
We conclude the proof by using an argument due to Bereanu, Jebelean and Mawhin [] .
Proof of Theorem . Let u be a minimizer of on C. We have only to prove that [[u] ] < a in order to verify the Euler equation. Let us define on
By an explicit computation, the problem
has exactly one solution w and [[w]] < a. Since I = J + K is strictly convex, w is the only solution of
But, by Lemma ., we have that
We conclude that u = w and 
Convex perturbations of indefinite quadratic functionals
It is always assumed that F is dominated at infinity by λ  |u|  /, with λ  the first positive eigenvalue of L, and that there exists w ∈ Ker L such that
where
It is assumed that K is the sum of a compact and of a positive definite operator. Because of the non-resonance condition with respect to λ  , for >  small, is coercive on X = (Ker L) ⊥ and has a minimizer v . It suffices then to use the interaction between F and the kernel of L given in () to prove a posteriori estimates on v . Passing to the limit as ↓ , we obtain a minimizer v of and, by duality, a solution u of (). http://www.boundaryvalueproblems.com/content/2013/1/115
Let be a smooth bounded domain of R N and let f : × R → R be a Caratheodory function such that
We denote by μ  the first positive eigenvalue of
We assume that
uniformly for, i.e., x ∈ . We consider the problem
subset of of a positive measure. Then problem () is solvable if and only if there existsū
A similar result for the Dirichlet problem
The general results of [] are applied to Dirichlet problems, Neumann problems and to periodic solutions of Hamiltonian systems and hyperbolic semilinear equations. In the latter case, the dimension of the kernel of L is infinite. See the survey [] by Brezis.
It is important to note that the non-resonance assumptions are related to the potential F (·, x) , not to the gradient f (·, x). In particular, the Palais-Smale condition is not necessarily satisfied.
General non-resonance conditions are used in [] in order to prove the existence and uniqueness for semilinear equations in a Hilbert space by variational or iterative methods. Applications are given to semilinear wave equations. http://www.boundaryvalueproblems.com/content/2013/1/115
Two books
We describe some main features of two books by Jean Mawhin devoted to critical point theory.
The book Problèmes de Dirichlet variationnels non linéaires () is a nice introduction to critical point theory. The main tools, -minimization, -dual least action principle, -minimax methods, and -Morse theory, are applied to the simple model problem
A new methodology was used in the construction of Palais-Smale sequences.
Definition . Let X be a Banach space and let ∈ C  (X, R). A Palais-Smale sequence (at Among many other results, a new bifurcation theorem is given. Consider the equation
where f (λ, u) = ∇ u φ(λ, u) and f (λ, ) = . If there is some n ∈ N such that the critical groups satisfy 
is minimized on the subset
Neumann problems for the singular φ-Laplacian
In this section, we describe some recent works motivated by the Neumann problem
The The first case corresponds to a ground state of I and the second case to a saddle point of I (see [] ). The case of mountain pass solutions is also treated. The generalization of those results to the non-radial case is a challenging open problem.
